The end state of the gravitational collapse of spherically symmetric clusters of rotating particles, of the type first introduced by Einstein, is discussed here. For the marginally bound initial data the spectrum of naked singularities versus blackholes formation depends on two parameters, the "strength" of the angular momentum and the degree of inhomogeneity. For the first time, a structure confirming "genericity" of naked singularities formation in the case of a non-pressureless equation of state arises.
Introduction
The "final fate" of the gravitational collapse of a spherically symmetric dust cloud is well understood (see [1, 2] and references therein). The central singularity can be naked or covered depending on the choice of the initial data; there is a critical branch of solutions where a kind of phase transition from naked singularity to black hole occurs.
Recently, there has been a considerable effort to extend the above mentioned results to collapse models with more general matter fields. In particular, one would like to understand the role played by pressures in the formation and the nature of the singularities, since both numerical [3, 4, 5] and analytical [6, 7] studies tend to confirm violations of the cosmic censorship conjecture of the kind observed in dust models.
Spherically symmetric systems in general are characterized by two principal stresses, the tangential and the radial one (see [8] for a review on the role of anisotropic materials in relativistic astrophysics); unfortunately, the problem of gravitational collapse with general stresses is quite difficult to handle analytically due to the lack of (physically valid) exact solutions.
In a recent series of papers [9, 10] the general exact solution has been obtained for the special case of anisotropic materials supported only by tangential stresses. The nature of the singularities in such solutions is still, however, largely unknown. Exceptions are a model with a special equation of state [11, 12] , the self-similar case [10] and a particular solution singled out recently [13] (we shall discuss this solution in Section 4).
The aim of the present paper is to analyze in a systematic way a system of rotating particles -the "Einstein cluster" -first introduced by Einstein [14] (see also [15] ) in the static case and then generalized to the non-static case by Datta [16] and Bondi [17] (see also [18] and [19] ). The motion of the particles of the cluster is sustained by angular momentum whose average effect is to introduce a non vanishing tangential pressure in the energy-momentum tensor. Therefore, this system can be viewed as a special case of the solutions with tangential stresses obtained in [9] and can be analyzed with the same technique.
The nature (a visible singularity or a black hole) of the collapsing solutions can be characterized by the existence of radial null geodesics coming out from the singularity. To such geodesics correspond existence of roots of an algebraic equation, which governs the tangent of the motion near the singular point. Generally speaking, this equation contains an integral which cannot be expressed in terms of elementary functions. Therefore, to investigate on existence of roots we develop here a perturbative approach which is based on the fact that absence of apparent horizon formation prior to singularity is a necessary condition for the singularity to be -at least locally -visible.
Our method can be seen as a "dust vs. tangential stress procedure" in the sense that we always parameterize the initial data in a way, that it allows comparison with the evolution of dust clouds. In other words, we take two different materials (one is always a dust cloud and the other one is an Einstein cluster in the present paper, but the method works for any other material as well) and "prepare" them with the same (regular) initial conditions, namely initial distributions of mass and velocity. Then we let the two systems evolve. Since the final fate of the dust cloud is known once initial data are fixed, we can investigate the effect of the change in equation of state on the final outcome of collapse.
Our results here give the "final fate" of marginally bound collapse of Einstein clusters.
We find that the space of solutions at fixed initial data can be parameterized by a real parameter y which satisfies y ≥ 4/3. This parameter is a measure of the "strength" of the angular momentum. For 4/3 < y < 2 either the singularity does not form (the system bounces back) or a black hole is formed. The threshold of naked singularity formation lies at y = 2. We obtain here a wide spectrum of naked singular solutions. A special case of y = 2 models is discussed earlier in literature [13] . We present here the complete analysis of the general case.
At y = 7/3 a sort of transition occurs and the evolution of the model is such that only the critical branch is changed, un-covering a part of the blackhole region in the corresponding dust spacetime; the non-critical branch is the same as in dust spacetimes. Finally for y > 7/3 the evolution always leads to the same end state of the dust solution which starts with the same initial data.
Gravitational collapse with tangential stresses
The general solution of the Einstein field equations for spherically symmetric collapse with tangential stresses can be reduced to quadratures using a technique first introduced by Ori [20] to study spherically symmetric charged dust. We will briefly recall the solution here and refer the reader to paper [10] for the details.
Systems with vanishing radial stresses are characterized by the conservation of the MisnerSharp mass (m). Therefore one can use it as a comoving label, and introduce a system of coordinates ("mass-area coordinates") in which the line element is of the form
Here A, B and C are functions of R and m. Since m is comoving we have C = 1/u 2 , where u µ = uδ µ R denotes the velocity of matter. The physical properties of the material can be encoded in a scalar function h = h(m, R), the internal energy, which plays the role of the equation of state. It can be shown that the quantities characterizing a material with vanishing radial stresses, namely the energy density ǫ and the tangential stress Π, can be written in terms of h as follows;
In the above formulae the function H is defined as
while E is an arbitrary function of m. Positivity of energy density here implies that u √ H is non-negative, since E and h are positive quantities. Therefore u and √ H have the same sign therefore for the collapse model √ H is negative. Formulae (3) show that the tangential stress vanishes whenever the function h does not depend on R. Therefore in this case the material is not sustained by any stress and we obtain the well known Lemaître-Tolman-Bondi dust solutions as a particular case. Since, in all formulae, E and h appears only in ratio, the value of h on a chosen fixed curve R 0 (m) can be rescaled to unity, so that, in particular, the dust solution can be characterized by h = 1.
The Einstein field equations integrate to [10] 
with
and
Here G is defined as
and the function g(m) is arbitrary. Therefore the solution is reduced to the calculation of the integral of G.
The above recalled structure shows that a solution with tangential stresses is uniquely identified by the choice of three arbitrary functions. One of them corresponds to the choice of the material, namely the equation of state h(m, R) and the remaining two functions g(m) and E(m) are related to the initial distributions of mass and velocity. To find this relation one can trace back the above solution in the comoving coordinates [9] . In this way the function g can be expressed as
In the above formula we have denoted by R 0 (m) an arbitrary function of m. This function here plays the same role as of the initial mass distribution in the comoving coordinates(see [10] for details). Evaluating equation (5) on R = R 0 and recalling that h(m, R 0 ) = 1 is easy to check that the function E(m) plays the role of "energy function" familiar from dust models; it follows that we can classify the solutions with vanishing radial stresses in a way similar to that common in use for dust spacetimes; precisely we shall say that the models are bound, marginally bound or unbound if the quantity −1 + E 2 (m) is negative, zero or positive respectively.
The physical singularities of the spacetime described by the metric (1) correspond to R = 0 or to H = 0. These two kind of singularities correspond to the shell-focusing and the shell-crossing singularities respectively, which are well known from dust models. We are interested here only in shell-focusing singularities, which are known to be indispensable in dust models.
The apparent horizon curve in spherically symmetric spacetimes is given by
Since m is conserved, it is easy to check that the non-central singularities are always covered: indeed the non-central points on the singularity curve necessarily satisfy 2m/R > 1 and hence are trapped before becoming singular. Therefore, in what follows, we concentrate only on the central (m = 0) shell-focusing singularity. The apparent horizon and the singularity form at the same time at the centre of the cloud. Therefore, it depends on the dynamics of the apparent horizon curve, which is decided by the initial data, if we can have geodesics coming out from the central singularity, i.e. the singularity is visible.
To analyze the central singularity, consider outgoing radial null geodesics in the spacetime (1), i.e.
To investigate the equation (10) we define a quantity,
where α > 1/3. Using equations (10) and L'Hospital rule equation (11) can be written as
Existence of a real positive root to the above equation is a necessary and sufficient condition for the visibility of the singularity [21] . The above equation depends on the choice of the equation of state h and of the initial data R 0 and E. Setting h = 1 one can deduce from it the "final fate" of the dust gravitational collapse [2, 22] , so that, at least in principle, it should allow us to study the way in which the end state of collapse for fixed initial data is altered by a non-trivial h. On this idea relies what can be called a "stress cannot undress" conjecture [10] . According to this proposal one should not be able to find a physically valid equation of state h to be used to get a naked singularity (i.e. a root in equation (12)) if the corresponding dust evolution leads to a (non-critical) blackhole solution, namely to a divergent behaviour of the above limit.
Of course, the physical validity of the equation of state is a concept which can be strengthen or milded in many ways. First of all one has to take in to account the energy conditions which imply differential inequalities on the function h [9] . However, satisfaction of energy conditions can be considered as a "global" property of the matter. One would like to have also well defined local properties of matter, such as a notion of local stability which leads to existence of the minimum of the energy and therefore to convex equations of state [23] . If the function h satisfies this further requirement equation (12) can be used to prove the validity of the conjecture at least for small deviations from the dust limit. In the present paper we shall consider an equation of state which is generated at a microscopic level by the rotation of the particles constituting the collapsing medium [24] . As such this equation of state satisfies the energy conditions but not the condition of local stability.
3 Causal structure of the singularity Among the solutions with tangential stresses a special class can be specified by the equation of state
It has been shown in paper [9] that this choice of h corresponds to a system of rotating particles, first introduced by Einstein [14] (see also [15] ) in the static case and then generalized to the non-static case by Datta [16] and Bondi [17] . This model, which is of our interest here, has a particularly transparent physical interpretation in terms of a swarm of rotating particles (see [24] for details). In the above formulae the functions h 0 and L are arbitrary. In particular L has the meaning of specific angular momentum of the particles. It is easy to check from equation (5) that only one among functions E and h 0 is independent. Therefore the function h 0 can be used to normalise the value of h to unity on the initial data surface R = R 0 (m):
This choice does not affect the generality of the equation of state (13) within the Einstein cluster class until the function E is chosen. Consider the expansion of the angular momentum near m = 0. In what follows only the first order in this expansion will be necessary, so that we take L 2 (m) to be of the form
where β is a constant positive parameter and the exponent y = k/3, where k is a positive integer. Notice that we are not assuming C ∞ but simply expandability of functions near m = 0; the parameter y is, however, bounded from below by regularity conditions. It is indeed easy to check that regularity at m = 0 on the initial data surface require k ≥ 4 and therefore y ≥ 4/3. The spectrum of black hole versus naked singularity turns-out to depend on the value of y and we investigate the model for all these cases.
Consider first the cases y = 4/3. It is sufficient in this case to investigate directly the equation governing the motion of the collapsing shells. This equation can be written as
The quantity on the right hand side becomes negative in a neighbourhood of R = 0 and therefore the singularity does not form and the system bounces back, in agreement with the results obtained by Evans [19] .
In the case y = 5/3 the above argument does not apply, since a collapsing branch of solution always exist. However, we can show that a naked singularity does never form also in this case. Indeed, let us assume that the (necessary) condition for nakedness, 2m/R < 1, is satisfied upto the formation of the central singularity. In this case the second quantity on the right hand side of equation (15) vanishes, as the collapse progresses, before singularity formation. Therefore, all the singularities eventually forming in this case must violate the condition 2m/R < 1 thereby leading to formation of blackholes.
The above results are independent of the functional form of R 0 (m) and E(m), while in dust collapse with the same initial data the end state can be a naked singularity or a black hole depending on the specific choice of such functions [2] . Therefore, the effect of the stress in this case is either to cover or even to regularize any visible singularity forming in the dust collapse which starts from the same initial data.
Consider now the case y = 2. This case lies at the threshold of the naked singularity formation. Using again the behaviour of u 2 near R = 0 it can be shown that that a shell focusing singularity forms at the centre of the collapsing cloud [13] . In this paper it is also shown that the region around the centre, before singularity formation, is always untrapped at least for β ≥ 16. Therefore the necessary condition for nakedness is satisfied in such cases. However, one can construct examples, for instance in dust collapse, in which this is not a sufficient condition [25] . Therefore one has to analyse the root equation to check if light is really coming out from the singularity or not. This has been done [13] only in a particular case in which the function G appearing in (7) can be integrated explicitly (see next section for details).
To analyse the roots equation one has to face with the fact that the integral appearing in formulae (12) introduces a sort of non-locality which is difficult to handle. However, the existence of root can be recognised by the leading terms near the singularity as we show below. For simplicity we shall consider only marginally bound solutions.
In what follows we need the expansion of the inverse of the function R 0 (m) which can be written as
Since the density at the centre of the cloud is finite on the initial hypersurface the lowest power in the expansion is cubic. Positive definiteness of the density implies F 0 is positive definite. The first non-vanishing derivative (F n ) of the initial density profile is negative, because we are considering a decreasing density profile as we move away from the centre of the collapsing cloud (this also ensures that there are no shell-crossing singularities at least in the corresponding dust models [2] ). With a long, but straight forward, calculation it can be shown that the roots equation can be written as
Initial data 3 ) and therefore can be neglected in comparison to the leading terms. It follows that the value of α can be fixed uniquely for each choice of n. The resulting algebraic equation in X 0 has always a positive definite root so that the singularity is always naked. The values of the roots are summarised in table 1 and also compared with the corresponding dust collapse results with the same initial data.
For n = 1 the inhomogeneity dominates over the effect of rotation from equation of state and therefore the roots coincide. For n = 2 an additional contribution coming from rotation appears which becomes dominant as soon as n ≥ 3. Therefore the phase transition exhibited by the dust spacetime does not occur any more. This phase transition comes from the fact that for β = 0 and n = 3 the root equation is equivalent to the quartic
From the theory of quartic equations one can show that this equation (18) admits a real positive root for ξ d < ξ c = −25.9904, which therefore is a critical parameter deciding the existence of naked singularities or black holes. This structure is cancelled for y = 2 but a similar one reappears at y = 7/3. Indeed it can be shown, again expanding the integral (12) near the centre, that the root equation for y ≥ 7/3 can be written as
where dots stand for terms going to zero as O(m 3y+n− 7 3 ). Consider first the case with y = 7/3. In some sense this case lies at the boundary of the dust spacetimes. Indeed, it can be immediately recognised that both the non-critical branch (n = 1, 2) and the black hole branch (n > 3) are the same as in dust. For n = 3 a naked singularity exists if there is a non-vanishing positive root to a quartic, identical in functional form to equation (18):
where
therefore the condition for the existence of naked singularity is now ξ t < ξ c . Since for physical reasonability β is positive a sector of the black hole region in the critical branch of dust collapse can be uncovered by effect of rotation. The "magnitude" of the uncovered region depends on the value of β, so that y = 7/3 characterizes a "supercritical" branch of solutions.
Formula (19) shows that for y > 7/3 the causal structure of the singularity is identical to that of marginally bound Tolman-Bondi spacetimes, since all the terms coming from rotation vanish near singularity. A similar situation has been recently found to occur in a completely different model with tangential stresses [12] .
The Harada et. al. solution
In a recent paper [13] T. Harada et. al. have discovered a solution of the Datta-Bondi family for which the integral (6) can be carried out explicitly. This solution correspond to the choices h 0 = 1 and L 2 (m) = 16m 2 in equation (13) . They have analyzed the causal structure of this solution in details, and it turns out that for any choice of mass distribution a naked singularity always occurs. Interestingly enough, this solution corresponds to a dust family which also always exhibit a naked singularity. This is not common in dust spacetimes and indeed, to the best of our knowledge the causal structure of this class of dust spacetimes has not been analysed earlier in the literature, so we take this occasion to discuss it briefly.
Using h 0 = 1 and L 2 (m) = 16m 2 in equation (15) and evaluating this at initial data we can find the energy function for this model, which turns out to be
Therefore in the "dust vs tangential stresses" framework, this solution does not correspond to a marginally bound dust model but rather to a class of bound solutions. The expansion of the function E 2 is of the type
where E 4 is a constant which, for a mass function of the form (16), equals −2 4 F 2 0 . Earlier studies on dust spacetimes have always assumed a non vanishing R 2 0 term in the expansion above. However, this case can be studied in a straightforward way, so that we only summaries the results in table 2. We see that the singularity which is formed at the end state of that dust evolution which starts from same the initial data of the Harada et 
Discussion
In recent years, a big effort has been undertaken to understand the "final fate" of the gravitational collapse of a dust cloud. Indeed one can safely assert that this end state is now completely known in dependence of the choices of the initial data. The dust model is evidently the most simple model which can be conceived in gravitational collapse and, in absence of general proofs (and indeed even of mathematical formulations of) cosmic censorship theorems, it was meant to be used as a tool to get insights more general collapse situations. We are, therefore, in some sense ready to approach the problem with general stresses and indeed some analytical results begin to be known. In this respect our full understanding of dust spacetimes should hopefully be used as starting point. This was the hope expressed in paper [10] in which one of us proposed a conjecture meant to solve a "sector" of censorship in spherical collapse with tangential stresses.
Immediately thereafter preliminary results showed the violation of this conjecture in the Einstein cluster model [13] . So motivated, in the present paper, we have presented a systematic approach to this model giving the complete spectrum of blackholes versus naked singularity formation. The picture which arises is very intriguing. The key role is played by a parameter measuring the "strength" of angular momentum. When this parameter assumes a critical value the non-convexity of the state function acts as a "source of acceleration" near the singularity avoiding the formation of apparent horizon and enforcing nakedness. Therefore the whole spectrum of possible endstates depends in characteristic way on the fact that the Einstein cluster model has an equation of state which, although being absolutely valid from the physical point of view, does not belong to the class (convex equations of state) for which the conjecture was expected to hold (like eg. nuclear matter at high densities). It is well known [26] (and it has been recently confirmed [7] ) that naked singularity formation has to be expected in generic situations of spherical collapse. From this point of view, our results here confirm for the first time this picture in the case of a physically valid, explicit equation of state.
